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Abstract 

A spinor current-source is found in the Weyl non-Abelian 
gauge theory which does not contain the abstract gauge space. 
It is shown that the searched spinor representation can be con- 
structed in the space of external differential forms and it is a 
16-component quantity for which a gauge- invariant Lagrangian is 
determined. The connexion between the Weyl non-Abelian gauge 
potential and the Cartan torsion field and the problem of a pos- 
sible manifestation of the considered interactions are considered. 



1 Introduction 

In Ref. 1 it has been shown that the congruent transference introduced by 
Weyl ^ in 1921 defines a non-Abelian gauge field. The Weyl gauge theory 
is a realization of abstract theory of gauge fields in the framework of 
classical differential geometry which does not assume separation between 
space-time and a gauge space. At the same time, contemporary gauge 
models assume an exact local separation between space-time and a gauge 
field. It is just this point at that the Weyl theory opens a new possibility. 

It is shown that the space of all covariant antisymmetric tensor fields 
is a spinor representation of the Weyl gauge group and allows the con- 
struction of a spinor current-source in a gauge theory of that type. Status 
of the Cartan torsion field within the Weyl gauge theory is considered 
from different points of view. 
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2 Gauge potential 



The Weyl connexion which defines the congruent transference of a vector 
is of the form 

^k = rjk} + F;„ (1) 

where {*-^} are components of the Lcvi-Civita connexion of the metric Qij 
usually called the Christoff'el symbols: 

{]k} = l9'\d,gki + dkg,i-dig,k): (2) 

and Fji^ = Fj^iQ^^ are components of the Weyl non-Abclian gauge poten- 
tial that is a covariant third-rank tensor, skew-symmetric in the last two 
indices 

F,ui + F,iu = 0. (3) 

According to (1), a vector under the congruent transference changes 
by the law 

dv'^-i'^.ydx^v'-Fi.dx^v^ (4) 

which includes the displacement belonging to the Riemann geometry and 
the rotation determined by the metric Qij and the bi vector Fj^idx^ . De- 

w 

note by V? the covariant derivative with respect to the Weyl connexion 
(1). Then with allowance for (3) we obtain 

w 

Vi gjk = 0. (5) 

Thus, the Weyl connexion is metric and this is in agreement with results 
obtained by Hayashi ^, who has found that in macrophysical and micro- 
physical systems the affine connexion cannot be nonmetric but is very 
likely to be metric. 

The Weyl geometric construction presented above has a simple group- 
theoretical meaning. Let 5"] be components of a tensor field S of type 
(1,1) obeying the condition det{Sj) ^ 0. In this case there exists a tensor 
field with components Pj such that SlPj^ = 6j. It is obvious that the 
tensor field S can be regarded as a linear transformation 

v' = S} (6) 

in the space of vector fields; S^^ is the inverse transformation. Since 
under congruent transference the length of a vector remains constant. 
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among the transformations (6) we distinguish those that do not change 
the length of a vector; they are given by the equations 

g,j,S'^ = g.kPt- (7) 

Transformations of the form (6) and (7) form a group that is a gauge 
group, as will be shown below; we denote it by Gw- The gauge group 
establishes an equivalence relation in the spaces of different fields. It can 
be shown that if a vector in an equivalence class undergoes congruent 
transference, then any vector = SjV^ equivalent to it in the sense of 
the group Gw, also undergoes congruent transference. In other words, if 
for a we have (4), then for — SjV^ the formula 

dv' = -{} J dx^ v'' - Fjfe dx^ v\ 

takes place, where 

Fi,m^FujPlPi + g,jPlViPi. (8) 

In (8) and what follows Vj is the covariant derivative with respect to 
the Levi-Civita connexion (2). /,From (7) it follows that the tensor F^jt^ 
obeys equation (3), and hence, the Weyl connexion 

— {}fe} + Pjk 

is also metric. Thus, with a given metric connexion we have an entire 
class of equivalent metric connexions. 

Consider an infinitesimal gauge transformation Sj = 5* + Up = 
Sj — u'j, which upon substitution into (7) gives QikU^ + gjkuf = 0. Hence it 
follows that any antisymmetric covariant tensor field of second rank (2- 
form) Uij = —Uji determines an infinitesimal gauge transformation since 

— Ujkg^'^- ^Prom (8) we obtain that an infinitesimal gauge transforma- 
tions of the potential have the form 

SFijk = ViUjk + Fijiu^j. - Fikiu'-y (9) 

Let us now construct the strength tensor of the gauge field 

Bijki — '^iFjki — jFiki + FikmF^ — FjkmFH^ + Rijki, (10) 

where Rijki is the Riemann curvature tensor of the metric gij. /^From (9) 
it follows that the strength tensor is gauge-transformed by the law 

^Bijkl = BijkmUi — BijimUk ■ 
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Let us interpret the Riemann curvature tensor in expression (10) from a 
group-theoretical and geometric point of view. We set Bijki = Hijki+Rijki 
and from (9) and (10) we get 

According to the Ricci identities, we find 

which clearly shows the role of the Riemann curvature tensor under gauge 

transformations. The tensor (10) has a simple geometric meaning. It can 
be shown that the curvature tensor of the Weyl connexion (1) coincides 
with the strength tensor (10) of the Weyl non-Abelian gauge field whereas 
the gauge potential is considered as a deformation tensor of the Levi- 
Civita connexion (2). 

Thus the tensor field Fijk, entering into the Weyl connexion is a gauge 
field, and the tensor Bijki is the strength tensor of that field. We stress 
that the gauge group in the case under consideration is defined by the 
metric, while the gauge field has a direct geometrical meaning (congru- 
ent transference) and no extra internal or gauge space is to be intro- 
duced. Here gauge symmetry reflects the fact that there does not exist 
any objective property that could distinguish the geometry defined by 
the connexion F*^ = {*^} -|- Fj^ from the one defined by the connexion 

Tjfc = {jk} + ^jk- 



3 Gauge-field equations 

We write the gauge-invariant Lagrangian in the form 

L = -^B,,kiB'^^' + \F,,kS''\ (11) 

where 5"*^*^ is an unknown current-source of the gauge field that should 
be a quadratic function of components of the quantity defining a spinor 
representation of the gauge group Gw Variational procedure results in 
the following equations of the gauge field: 

y.B'i^i + F^^B'J'"^ - F^^B'^"''' + S^^^ = 0. (12) 

/^From these equations we derive the equations for the gauge-field current- 
source 

^,gikl ^ pk^s'""^ - Fl^S'"^^ = 0. (13) 
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Next, consider the current vector 

/^From the field equations it follows that the current is conserved if the 
bivector Vij obeys the equation ViVjk = 0. However, the corresponding 
conserved quantity is not gauge-invariant. The same holds true also in 
the abstract theory of gauge fields. In all the previous formulas it was 
assumed that the gauge potential is of dimension of the inverse length. To 
introduce the constant of interaction with the gauge field, we should make 
the substitution Fiki =^ {e/hc)Fiki. In the limit £ =^ the Lagrangian (11) 
transforms into the pure gravitational one 

which is known ^ to be renormalizable. 

Let us now compare the Weyl non-Abelian gauge theory with the 
abstract theory of gauge fields. The latter is based on an arbitrary 
semisimple Lie group with structure constants and a set of vector 
fields. Space-time indices are raised and lowered with the metric tensor 
Qij, whereas parametric indices, with the group metric ^\ Qah — famfbn- 
In the Weyl non-Abelian gauge theory, the metric tensor is also a group 
tensor and structure constants arc absent. The reason is that for some 
Lie groups, and for the group in question as well, the coordinates on a 
group can be regarded as tensor fields in space-time, which just leads to 
the situation when space-time and gauge space are not separated like in 
the abstract theory. 

4 Spinor representation 

Let us consider the field that is a source of the Weyl non-Abelian gauge 
field and defines a spinor representation of the group Gw Consider a 
16-component object which can be defined as space of all covariant anti- 
symmetric tensor fields fi^-ij,{p = 0,1,2,3,4) on a space-time manifold 
with the metric Qij. Mathematically, a shorted notation 'differential form' 
is adopted ®. So, the form is the following quantity 

F^if, fi, fij, fijk, fijki)- (14) 
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Objects of that sort were first considered in Ref.7 (see also Refs.8 - 11). 

The spinor representation of the Weyl gauge group is the field of type 
(14). To prove this statement, we determine the natural Lagrangian for 
the field (14) and show that it is invariant under gauge transformations 
which define the symmetry aspect of the Weyl non-Abelian gauge field. 
We define the scalar bracket of two fields of the type (14) as follows 

(F, H) = fh + f,h' + y.,h'^ + y^.kh'^'' + ^hkih'^'\ 

where the bar means complex conjugation. If F is a form, the generalized 
curl operator d is given as follows 

dF = (0, dif, 2d^Jj], 3d[Jjk], 49[,/,fe^]). (15) 

Here square brackets denote alternation; di = d/dx\ The simplest La- 
grangian for the field F that can be constructed in terms of the operator 
d is of the form 

Lrf(F) = (F, dF) + {dF, F) + m{F, F), (16) 

where m is the mass of a particle (c = h = 1). Note that the operator 
of external differentiation (15) is the only linear operator of first order 
that commutes with transformations of the group of diffeomorphisms, 
the group of symmetry of gravitational interactions. Therefore, the La- 
grangian (16) is defined uniquely. If Vj is a covariant derivative with 
respect to the Levi-Civita connexion of the metric gij, defined by rela- 
tions (2), then partial derivatives in (15) can be replaced by covariant 
derivatives. The Lagrangian (16) is not suitable for the investigation 
since the operator d is not self-conjugate with respect to the scalar prod- 
uct 

<F\H>= l{F,H)^d^x. 

Using the identity 

we can easily verify that the operator V — 6 -\- d, possesses the required 
property, where 5 is the operator of generalized divergence 

— { — V"^fm, —"^"^fmi, —"^"^fmij, —"^""fmijk, 0). 
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The Lagrangian (16) in terms of the operator V = 6 + d reads 
L,{F) = ^{F, VF) + ^(VF, F) + m{F, F) + V{r\ 



where 



^ 1 



/ , ^\Jii--ipJ 'J Jii---ip)- 

p=0 P- 

So, the Lagrangian (16) is equivalent to the Lagrangian 

L(F) = ^{F, VF) + ^(VF, F) + m(F, F), (17) 
which will be now analyzed. We define a numerical operator A, by setting 

(/? fii fiji fijki fijkl)- 

It is not difiicult to verify the validity of the following relations 

= 1, M + dA^ 0, VA + AV = 0. (18) 
Since Vd + dV = V^, then we have 

V(^V-d) + (iv-d)V = 0. (19) 

^Prom (18) and (19) it follows that the operator 

V= (V - 2d)A (20) 
commutes with the operator V, whereas their squares are equal 

V V=V V, =v • 

* 

We will call the operator V dual to the operator V. This duahty prop- 
erty of the field (14) allows us to introduce the important operators in 
the following way. In accordance with the principle of 'minimal electro- 
magnetic interaction', wc make the substitution Vj ^ Vj — in the 

operators V and V, denote the new operators by D and D, respectively, 
and determine their squares. We have 



where Fij, is a bivector of the electromagnetic field. A similar formula 
follows for the dual operator D with the change of the operator Q{Fij) by 

the dual operator Q {Fjj). The operators Q{Fij) and Q {F^j) are defined 

by antisymmetric tensor fields of second rank (2-forms). Let us write the 

* 

operators Q{uij), Q {uij) in an explicit form 

QiUij)F — ffnni 2^ fmni ~l~ '^mif i 

'^Umlif!j'k] - 3'U[ij/jk], -QU[ijfkl]), (21) 



* 11 

Q i^^ij)^ — ( 2^ fmni 2^ fmni ~l~ "^mif i 

}_ mn r , r) rm \ „, f 

2 J mnij ~r ^<J'm[iJ ,j] ~r Uj^J , 

3lim[i/.7fc] + Slifij/fe], QU[ijfkl]). 

It can be shown that the operators Q{uij) and Q {uij) commute and 
this is another manifestation of the duahty. Algebra of the operators 
J{uij) — ^Q{uij) is closed with respect to the Lie bracket operation, i.e. 

[JK), J{v,,)] = J{w,,), (22) 

where 

Wij = UimV^ - UjmV^- (23) 

/^From (23) it follows that the operators J{uij) define a representation of 
the considered Weyl group Gw in the space of the fields (14). Since 

{F,J{uij)H)^-{J{uij)F,H), (24) 

then the Lagrangian (17) will be invariant under the gauge transforma- 
tions 

F =^ F = exp{J{uij))F, (25) 

provided that 

[J{uij), V]=0. (26) 
The relation (26) holds vahd if the bivector Uij satisfies the equations 

ViUjk = 0. (27) 
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The conditions of integrability of equations (27) follow from the Ricci 
identities and are of the form Rijk.'^Umi + Riji^^Ukm, ~ 0. When RijiJ^ = 
K(giiSj^ — QjiS'^), equations (27) will not have solutions at all. Thus, the 
Lagrangian (17) in the space of constant curvature will be invariant under 
the transformations (25) only upon introducing a gauge field of a definite 
type. The latter can be determined as follows. Consider variations of 
the type 5F — J{uij)F. This class of variations, up to the Lagrange 
derivative, yields for the Lagrangian (17) 

dL{F) = ^WiUjkS'^', 

where S^^'^ is a tensor field of third rank antisymmetric in the last two 
indices 

p=0 P- 

_2fn-i.j\kfj^ ^^ _ j^^ ^j,m....p^ ^ ^ ^ (28) 
So, the Lagrangian (17) is to be supplemented with a term of the form 

4 

to ensure gauge invariance. We added the same term to the Lagrangian 
(11) of the gauge field. Thus, the explicit form of the current source of 
the gauge field is determined uniquely. From (28) it follows that under 
transformations 5F — J{uij)F, the tensor S^^^ is transformed by the law 

Hence we obtain that the gauge field Fij^ is transformed as follows: 

According to (9), the field Fijk is the Weyl non-Abelian gauge field, 
whereas the field F is shown to be its spinor source. That the transfor- 
mations (25) define the spinor representation of the group Gy/ can easily 
be verified by comparing them with the transformations (6). Let and 
bi be the unit orthogonal covectors, (a, a) = {h, h) = 1, (a, b) = 0, 
where (a, 6) = aibjg^\ and Uij = a{aibj — ajbi), {u — aa A b). If 
Rv^ — {ajb^ — a^bj)v^ , then after some calculations we have 

{exp{aR)]v'- ^ - a\a, v) - b\b, v) + 
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+{(cos Q;)a* + (sin a)6*}(a, f ) + {(cosa)6* — {sma)a^}{b,v). 
For the operator J{uij) we have = — (1/4)q;^ and hence 

exp(aJ(a A 6)) = cos — + (sin —)J(a A 6). 

By setting a = 0, 27r, it is not difficult to verify that the vector fields 
are a tensor representation of the group Gw whereas the space of fields 
(14) is the carrier space of a spinor representation of the gauge group in 
question. 

Theory of the field Fijk has been already formulated above, and in the 
next section we dwell upon the relation between the Weyl gauge potential 
and the Cartan torsion. That this relation does exist follows from both 
the fields being tensor fields of the same type. 

5 Torsion and gauge symmetry 

At present, the torsion discovered by Cartan is the subject of numerous 
studies aimed at establishing its physical meaning and the connexion of 
general relativity with the physics of microworld. We will consider this 
question in the framework of the Weyl non-Abelian gauge theory. Let 
an affine connexion be given, and F'j. be its components. Then, as it 
was first shown by Cartan the affine connexion uniquely defines a 
tensor field Tj^ = (F*^ — F^j)/2, that is called the torsion tensor. The 
Riemann-Cartan space-time is a paracompact, Hausdorff, connected 
C°° 4-dimentional manifold endowed with a locally Lorentzian metric gij 
and an affine connexion F^-^ which is metric 

digjk - ^Ijgik - ^Ikgji = o. 

The Riemann-Cartan space-time has both the curvature tensor and the 
torsion tensor. In terms of the torsion tensor the solution of the last 
equation may be represented in the form 

rjfe = {} J + T], + 9%j9mk + fTJ^^Qmr (29) 

Thus, the connexion of the Riemann-Cartan space-time is defined unam- 
biguously. 

We will show that the Cartan torsion cannot be introduced in the 
framework of Weyl non-Abelian gauge theory in a gauge- covariant man- 
ner. As it follows from (1), the torsion tensor of the Weyl connexion is 
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equal to 




(30) 



or 



T 

ijk 





(31) 



where T^j^ = T-jQik- Similarly the (31), for the Weyl connexion F^-^ = 
{jk} + Fjk, equivalent (1), we have 



In view of (8) it is entirely natural to pose the question on the relation- 
ship between the tensors Tijk and Ty^.. However, such a relationship that 
contains only the tensors Tij^, T^jk and the elements of the gauge group 
does not exist. It is easy to see from the formulas 



Indeed, since the tensor Fijk is a skew-symmetric with respect to the 
second and third indices, whereas the torsion tensor is skew-symmetric 
with respect to the first two indices, in the relation (31) the index that 
participates in the gauge transformation (8) and an index that is not 
affected by it are confused. Now it is clear why the torsion determines 
the metric connexion uniquely. 

The conclusion is that the torsion tensor is not a geometrical quantity 
from the point of view of gauge symmetry. The tensor Tjj. does not define 
a representation of the gauge group. It may be said that the concept of 
the torsion tensor is not gauge- covariant. Specifying the torsion tensor, 
we definitely fix the gauge. Thus, from the point of view a symmetry, 
the fundamental geometrical object is the tensor Fj^fe that determines 
the congruent transport. It is for this tensor that the gauge-invariant 
equations (12) are written down, which are in fact determined uniquely 
by the gauge symmetry. It is now easy to understand why for the tor- 
sion tensor all possible Lagrangians are encountered and investigated in 
hterature with equal success. If one does pose the question of equations 
for the torsion, then it is most natural to this end to fix the gauge in 
accordance with what was said earlier. 

We note an interesting connexion between gauge transformations and 
Riemannian geometry. The second term on the right-hand side of relation 
(8) vanishes if V^P^ ~ 0. In the standard theory of gauge fields, this 



Tijk {,Pijk ■Fjik)/'^- 



(32) 



Fijk — Film Pj -Pfc" + gim Pj '^iPj^i 



jp p pi TD'rn I „ P' V7 p™- 

jik — J^jlm^i ' yim-^i ^ j-^k ■ 
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corresponds to transition from local to global transformations. In the 
considered case, the equations V^P^ = may not have any nontrivial 
solutions at all, for example, in the case when gij is the metric of a space 
of constant curvature. Thus, a Riemannian geometry in general requires 
a local (gauge) symmetry. We note also that geometrical relationships, 
like physical laws, depend neither on the choice of the coordinate system 
nor on the choice of the basis in the studied vector spaces, so that all 
the relations that have been established above can be expressed in any 
coordinate system and in any basis, including an orthogonal one. 



6 Field equations and Riemann-Cartan ge- 
ometry 

In this section we give an explicit example of the relation of the Weyl 
non-Abelian gauge field to the torsion tensor in definite gauge that is 
defined as follows. We take the gauge-invariant Lagrangian 

L = L(F) + ^F.jkS'^' (33) 
and determine its variation with respect to F. As a result, we have 

I P n fmn 

"T 2 ••i2---ip] ~'~ 2 [»i»2|m|Ji3...ip] 



1 1 



(34) 



where F^ = g^^Fjkm, 

^ijk 3P'[jj'^j, Dijk Cijf; -\- IF^jk- 

Indices sandwiched between vertical lines are not subject to the operation 
of alternation. 

Next we replace the covariant derivative Vj with respect to the Levi- 
Civita connexion in the Lagrangian L{F) by the covariant derivative 

Vi with respect to the connexion (29) of the Riemann-Cartan space- 
time. This pecuhar substitution introduces the torsion field into the 
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Lagrangian (17). A new Lagrangian will be denoted by Lk- According 
to (29), this Lagrangian for the field F in the Riemann-Cartan space can 
be represented as a sum of the Lagrangian (17) and an extra term to 
be denoted as L^(F), Lt = L{F) + La{F). With this notes we vary the 
Lagrangian Lt with respect to F and get 

5Lt{F) = 5L{F) + Y^\5r--^^{T^frnn...i,-pT^Ur..-M- 

p=oP- 

-pT[n\mn\nUA - P{P - l)Tml^^iJI:....,^) + C.C., (35) 

where Tj = T™j is the covcctor of torsion. When varying the Lagrangian 
Lt, we should take into account that 

V, A' = -^diiV^A') + 2T,A\ 

where g is the determinant of the metric tensor. Now we raise the 
question about the connexion of the Eiler-Lagrange equations for the 
field F that follows from the lagrangians L = L(F) + jFijkS^^'^ and 
Lt — L{F) + La{F). ^From comparison of (34) and (35) it can be seen 
that these expressions will coincide if the gauge condition Cijk = is 
imposed on the field F^^, i.e. if we set 

and then set that Fijk = —2Tjki. 

Thus, we have shown that the field-F equations derived by varying 
the Lagrangian (33) can, in a certain gauge, be represented as equations 
in the Riemann-Cartan space with the following constraint on the torsion 
tensor 

We write the equations for the field F in the Riemann-Cartan space-time 

where =Vi —Ti, andp = 0, 1, 2, 3, 4. These equations coincide with the 
gauge invariant equations for the field F under the conditions described 
above. 
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7 Conclusions 



We summarize the obtained results and present some problems. The 
interpretation of congruent transport given here makes it possible to es- 
tablish a deep connexion between classical differential geometry and the 
theory of gauge fields. It is important to emphasize once more the fun- 
damental significance of this relationship, which is that in the considered 
case it is not necessary to introduce an abstract gauge space. The equa- 
tions for interacting fields can in fact be uniquely derived. The relations 
established for the Weyl non-Abclian gauge field and the Cartan tor- 
sion make it possible to consider, from a new point of view, the problem 
of physical interpretation of the torsion in the framework of the gauge 
principle. 

The existence of the spinor source of the Weyl gauge field is an in- 
teresting feature of this field that dictates the question about possible 
physical manifestations of this kind of interactions. In the Minkowski 
space-time equations (27) are quite integrable. Thus, the gauge sym- 
metry can be considered in this global one. With respect to 
this global symmetry a space of forms (14) is reducible. Associated re- 
duction of the space of forms (14) gives the Dirac theory in which we 
find only well known interactions. In contrast with this case, there is 
a more interesting possibility, when equations (27) have no solutions at 
all. As it was mentioned above, this situation occurs in the space of con- 
stant curvature, where the appearance of the Weyl non-Abelian gauge 
field in a definite sense becomes necessary because of the full absence of 
global internal symmetry. A very interesting space-time of this kind is 
the de Sitter one which is usually considered as a cosmological model. 
So, the Weyl non-Abelian forces could be manifested on the cosmolog- 
ical scale. Of course, this do not close the realm of microphysics. The 
general remark is that all questions and problems discussed in literature 
in relation to the physical interpretation of torsion can be investigated 
in a more suitable framework of the Weyl non-Abelian gauge theory. 
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